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I. INTRODUCTION 
1.1 Object and Scope 
The studies described in this report were performed as a part of 
a comprehensive investigation of the strength and behavior of reinforced 
concrete deep be~s. During the past two years numerous tests of reinforced 
concrete deep beams have been conducted. Variables have included the span-
depth ratio, steel percentage, concrete strength and shear reinforcement. 
Testing has been carried out under both uniform and concentrated loadings. 
Additional studies are described in other parts of tb1s Final Report and in 
a report by Austin, Untrauer, Egger and Winemiller(l). The report by Austin, 
Untrauer, Egger and Winemiller contains an exhaus'tive literature study and 
bibliography. 
The primary objectives of this particular phase of the investiga-
tion were to obtain information which would supplement the data obtained in 
previous tests relating to the flexural behavior of reinforced concrete deep 
beams subjected to slowly applied,uniform loading and to develop means for 
the prediction of this behavior. 
Tests of eleven reinforced concrete deep beams subjected to slowly' 
applied, uniform loading are described in detail in this report. Except for 
one beam which was cast with large pilasters at_ the ends, all beams were 
prismatic with a span of 36 in., a width of 4.5 in., and effective depths 
from top surface to the centroid of the tension steel ranging from 6 m. to 
36 in. The beams were supported on steel bearing blocks of. sufficient size 
to prevent bearing failures. In three beams compression reinforcement was 
used. No web reinforcement was provided. Special. anchorage was used to 
prevent bond failures. 
The effective uniform pressures applied to the top surface at 
failure varied from 108 psi ,to l810 psi." The: maximum. pressures, for the deeper 
beams, were limited by shear or splitting failures ra~er than by flexural 
failures. Of the eleven beams, six failed in a typieal flexural manner, 
three failed by splitting, one by shear-compression, and the beam with 
pilasters by pure shear at the inner edge of the pilaster. 
Studies of the results have been made and procedures are given for 
predicting the load-deflection diagram for uniformlY loaded prismatic deep 
beams without web reinforcement. This diagram may be approximated by two 
straight lines w.hichare defined by the orig~, the load and deflection at 
yield, and the load and denection at ultimate. S~ple formulas are given 
for predicting the load and deflection at yield; these formulas may be used 
directly in des ign. A procedure is, a1so given for predicting the load and 
deflection at ultimate; this procedure is not in a simple design form, but 
it can serve as the basis for the develo,pment of' a design procedure. These 
procedures are based upon a very minimum of data; more test data should be 
obtained, especially for the deeper beams with span-depth ratios of three 
or less. Also efficient reinforcement methods to prevent premature shear 
and splitting failures should be developed. 
1.2 Acknowledgement 
The work described in this report was carried out in the Structural 
Research Laboratory of the Engineering Experiment Station at the University 
of Illinois, as part of a cooperative project between the University and the 
Air Force Special Weapons Center, Department. of the Air Fbrce. Th~ project 
was under the general direction of N. M. liewmark, Professor and Head of the 
Department of Civil Engineering, and Dr. C. P. Siess, Profes~or of Civil 
Engineering. '!be project was under the 1Jmnediate direction of Dr. W. J. Austin, 
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Associate Professor of Civil Engineering. Mr. -R. E. Untrauer, Research 
Associate in Civil Engineering, provided direc.t supervision of the testing 
work described in this report. The studies described in this report also 
served as the basis for an M. S. dissertation by Mr. dePaiva. 
1.; Notation 
The following notation has been used in this report: 
A lC total area of tension reinforcement 
s 
A' • total area of compression reinforcement 
s 
a = depth of compression zone in the concrete at 
maximum load,. see ·Fig. 64 
b = width of member 
Cl = total compressive force in the concrete 
C2 = total compressive force in the compression 
reinforcement 
d :: the effective depth, the distance from the top 
compressive fibre to the ·centroid of the tension 
reinforcement 
d' = distance from the centroid of the compression 
reinforcement to the centroid of the tension 
reinforcement 
E • modulus of elasticity of the concrete 
c 
E :: modulus of elasticity of the reinforcing steel 
s 
fb = average bearing stress at the supports 
f = stress in the concrete 
c 
f' m compressive strength of concrete, as determined from 
c standard 6- by 12-10. control cylinders 
f = stress in the tension reinforcement 
s 
f t = stress in the compression reinforcement 
s 
f • yield stress of the tension reinforcement y 
f' = yield stress of the compression reinforcement y 
f* = :r; - O.85f~ 
4 
j = ratio of lever arm of internal resisting moment to 
effective depth, for a fully-cracked section, see 
Fig. 63 
K = ratio of distance from ·neutral axis to centroid of 
tension steel divided by the effective depth 
k = ratio 0''£ depth of compression zone to the effective 
depth, for fully-cracked elastic section, see Fig. 63 
k' = d'/d 
. kl = ratio of area of concrete stress block to area of the 
enclosing rectangle, see Fig. 64 
k = fraction of depth of compressive zone which de ter.mine s . 2 the position of' the compressive force eentroid at maXimum 
load,:see Fig. 64 
k3 = ratio of maximum compressive stress in concrete member 
to the cylinder strength, see Fig. 64 
k = a/d 
u 
L = span of s imply-supported member distance. between centers 
of supports 
M = bending moment 
Mf = theoretical ultimate bending moment 
M c ultimate bending moment determined by test 
u 
M = moment at flexural yielding y 
M' = theoretical moment y 
n = E /E s c 
l' = A /bd s 
1" = A'/bd 
s 
at yielding 
q = reinforcing index = Pf~f~ 
T = total tensile force in the tension reinforcement, 
see Figs. 63 and 64 
v = vertical shear force at maximum load 
u 
v = nomtnal shear stress at maximum load 
u 
W = total uniform. load 
Wu = total uniform load at uJ. timate 
Wy = total unifonn load at yield 
a ::: deflection coefficient at yield 
~ = deflection coefficient at maximum load 
1 ::: coefficient relating the curvature along the beam 
to the deflections 
6 ::: midspan deflection 
6 = measured midspan deflection at maximum load 
u 
~t = theoretical midspan deflect+on at maximum load 
U given by formula (5-4) 
~ = measured midspan deflection at flexural yielding y 
6' ::: theoretical midspan deflection at flexural yielding 
Y give by formula (5-2) 
6" = theoretical midspan deflection at flexural yielding 
y given by formula (5-3) 
c = total elongation of tension reinforcement 
s 
c = nominal separation of supports at yield 
sy 
E: c = strain in the concrete 
£0 = strain in the tension reinforcement at the beginning 
of work hardening 
5 
E' ::: strain in the compression reinforcement at the beginning 
o 
of 'WOrk hardening 
E:s ::: strain in the tension reinforcement 
E:~ 211: stram in the compressive reinforcement 
E: = strain in the tension reinforcement at maximum load 
su 
€ = crushing strain of the concrete 
u 
€ = yield point strain of the tension reinforcement y 
€' ::: yield point strain of the compression reinforcement y 
6 
n. DESCRIPl'IOli OF 'l'£ST SPECD£lIS 
2.1' Description of Beams 
Details and dimensions ot the beams tested are shown in Figs. 1 
through 4 and the properties are listed in Table 1. All beams were of 
rectangular cross-section with a constant v1dth of 4.5 iD. Except for 
Beam 11, wbich vas supported by COllDlDlS, all beams were simply supported 
on a span of 36 in. '.rbe overal.l lengths of the specimens were either 42, 
45 or 48 in. depending on tbe lengths of the bearing blocks.· The bearing 
blocks were either 6 in., 9 in. or 12 in.; the 6-10. blocks Were used for 
the sballov beams with lov failure loads and the 9-in. or 12 .. in. blocks 
were used for the' deeper beams which had higher failure toads. 
Tension .reinforcement consisted of pairs of intermediate grade 
deformed bars placed in oue or two rovs. Special anchorage vas provided at 
each end by a O.5-1n. thick plate, 2-. by 4.5-in. wide, which vas welded. 
to the ends of the bars. In Beam Dll DO special 8DChorase was provided be-
cause the embedment of the bar in the C01UDUlS was more than sufficient to 
prevent aDChorage failure. 
Compression re1Dforcement consisted of·a pair of bars placed in 
a single rov near the top surface of the beam. 1'0 special ancoorage or 
lateral. ties. were provided for the compression steel. I 
All bars! tension and compression, were straight· and extended the 
fUll. length of the beams. Concrete cover vas the same for all beams, 1.50 in. 
, clear at the bottom and .top edges aDd 0.75 in. clear at the sides. 
2.2 Materials and Fabrication 
Cement: Marquette i)pe III, B:1gh-ea.rl.y-strength, Portland Cement 
vas used, in all beams. It vas purchased in sacks. from a local dealer and 
stored under proper coDdi tiona • 
7 
.Aggregates: Wabash R1 ver sand and pea gravel. were used in all mixes. 
'!'he max:JmnJ1 size of the pea. gravel was 3/8 in. The fineness modulus of the -
sand was about 3.2 The absorption of-both the sand and gravel. vas approx:1mately 
one percent by weight of the surface dry aggregate. :Both of these aggregates 
have been used in the laboratory for previous investigations. 
Concrete Mixes: Mix design vas based on results obtained from pre:-
vious investigations in the l.e.bore.tory using the same aggregates. Concrete 
strengths va.r1ed :tram ZTOO psi to 5030 psi. 
Properties of the concrete mixes are given in Table 2. Compressive 
streDgtb.s are the average values of tests of 5 standard 6- by 12-in. cylinders 
except for Beam D10 for wh1.ch the. strength is the average ot 6 cyl.inders and 
Beam Dll for wh1.ch the streDgth is the a.verage of Sl cyllnders. M:>dul.1 of 
rupture values are the averages ot tests of two standard 6- by 6- by g)-in. 
control beams l.oaded at the third points of an l8-in. span, except for Beam Dll 
for which the m:>d.ulus of rupture value is the average of 8 standard beam tests. 
All beams except Dl.O and Dl.l were poured from a s1Dgl.e batch. Beam D10 
required a t1«> batch mix and Dll required a four batch mix. Some sJ.~t varia-
tion in the concrete strengths of each of the batches for Beam. Dil was noted 
in the cylinder tests but this was DOt considered significant. 
Reinforcement: Long1 tudinal reinforcement consisted of pairs of :{/=3, 
1/=4, #5 or If6 deformed bars of intermediate grade steel.. The bars used in the 
beams 'Were manufactured by Inland Steel and bad their type of deformations. 
For each beam, each pair of bars was cut from the same piece of steel to assure 
approximately the same mechanical properties. 
A teDs10ntest vas made on one coupon from each bar using a. 2-f't 
~ength cut ~ one end. Elongations 'Were measured over a gage leDgth of 
8 in~ using an 8-in. microf'ormer extensometer and automatic recording device 
up to the strain hardening region and then using dividers over the same 
8 
8-in. gage length up to bar failure. Table 3 lists the properties of the 
reinforcing steel and a typical stress-strain curve is .shown in Fig. 5. 
The steeL str&1.n.s at failure in Beams D10 and D20-2, which failed 
due to the fractur-e of one of tbe reinforcing bars', did not correspond to 
the steel strains observed at bar failure in the coupon test. To determine 
whether the alterations to the bars at the gage lQcations affect the strength 
and ducti1i ty, a coupon from the same ba.r as that used in Beam D10 was prepared 
wi th a typical gage area and then tested. That is, the deformations were ground-
off on one side of the bar over approximately a 2-in. length, as is done before 
application of an electric gage, and a small hole about one-tenth of an inch 
deep was drilled at the center of this ground-off area as for the mechanical 
gages. A test was also run on a bar on which only the deformations of one-half 
of the bar over a 2-in. length were removed. The results of these two tests 
and the unaltered coupon test aresho'Wll in Fig. 6 and in Table 3. 
The alterations which consisted of grinding off some of the deforma-
tions and drilling a small gage bole had quite a noticable effect on the 
strength and ductility of the coupon. Figure 6 shows that for this case the 
yield and ultimate strength of the a1. tered bar were slightly less than for the 
unaltered reinforcing bar" and that there was a considerable reduction in the 
ductility caused by the al terat~ons • The~stJ;!ain at maximum load was about 60 
percent of that for the una! tered reinforcing bar. 
The effect of alterations which consisted of grinding off some of 
the bar deformations is also noticeable. There was a $mall reduction in the 
, yield strength, no noticeable reductibn in, the ul t1mate strength, and a small 
out noticeable reduction in ductil.1 ty. The .strain at maximum load in this case 
was reduced by about 10 percent. 
Fabrication': All beams were cast horizontally in oiled 'WOoden 
forms except Beam Dll which was cast in an upright position. For the beams 
9 
cast honzontalJ.y, the re1n1"oreement Jwas supported and properly spaced by the 
special. anchorage plates 'Welded to the ends of the reinforcing bars. For 
Beam. Dil, cast upright, the tension steel·was supported on steel chairs and 
the compression steel was suspended by vires tied to the top of': the form. 
The concrete vas mixed :tram 4 to 6 minutes in a non-tilting hori-
zontal. drum type mixer of about 6 Cll. tt. capacity, pla.eed in the forms and 
compacted nth an internal. rod vibrator. Five 6- by l2-in. cylinders and 
two 6- by 6. by 2O-in. control beams were 'made from, each one batch m1x. For 
the two batch mix for Beam D10 three cylinders and one control beam lrere made 
hom each batch and f'rom the four batch mix for Beam Dll four cylinders and 
two control beams were made from each batch. The cylinders and beams were 
cast in steel. forms and compacted with the vibrator. 
Several. hours a:f'ter casting, the exposed Silrface of the beam was 
trowelled smooth and the cyl.inders were capped vi th neat cement paste. '!be 
following ~ the beam and control specimens were removed fl'Om their forms 
and cured. 
Cur1.ng consisted of storing the beams and control specimens under 
wet burlap for one ~ and air dry1Dg until testing f'or Beams Dlto and D60, 
under wet burlap for two ~s and air dried until testing for Beams D10, m2, 
Dl5 end DaJ-l,in the moist room for two days and air dried untU testing for 
:Beams Dll, Dro-2 and D30-l, two ~ in forms and air dried for Beam D;o. 
Prior to casting, the tension steel. vas prepared for the future 
application of SR-4 Type A-7 electric strain gages. This preparation con-
sisted of grinding the deformations otf one-ha.lf' of the bar over approxi-
mately, a 2-in. length at the gage locatioDS, covering with electric tape and 
atta.ch1Dg a cork to the bar to provide easy access for mounting· by' remov1Dg 
the cork after casting. 
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In some of the specimens, in addition to the SR-4 Type A-7 gages 
used on one reinforcing bar, SR-4 Type PA-3· gages were applied to the ad-
., jscent re1n:toreing bar. These gages .. 8.re.' somewhat larger than. the A .. 7 t S and 
also somevbat harder to apply, so they were attached to the reinforcing before 
CSS1;lJlg. fa.teIProof1ng of these gages was accomplished by covering the gages 
With hot Petro-el.astic compound. ' The performance of the waterproof1llg vas 
checked by su'tmerging the bar in water for several. bours. 
u 
III. 'lEST EQUIPMEIT AID PROCEll.lRE 
3.1 Instrumentation 
Deflections: Ames dial gages l, with a smaJ.lest division of 0.001 in., 
lrel"'e used to measure deflections at· the l.ocations shown. in Figs. 7 a.nd 8. De-
fiect10ns along the top surface of' each bwam were :measured relat1 ve to two 
steel. plugs, which were l.ocated on the centerl.1nes of the bearings, l.. 5 in. 
from the top surface. The gages -were mounted on a bar which was suspended 
from the pl.ugs. Ames dial gages mounted on stands , wbich, rested on the bed of' 
the testing machine, measured the defiections of' this bar at the centerl.1nes of' 
the supports. 
Defl.ectiODSOf the top bearing bl.ocks were measured relative to tbe 
bed of the testing machine. Two steel pl.ugs were located on the centerl.ines 
of.the bearings, 3/8 in. below the top surface of the bearing bl.ocks. A bar 
vas la.:Ld across these plugs and Ames dials, mounted on stands resting on the 
bed of the testing machine 1 measur~d the defiecti.on of this bar at the centers 
of the supports. Figure l.0 shows the arrangement. 
Midspan d.e:f.lections at the bottom ot 1NICt~ beaIa were meeuh~red with an 
.Ames dial gage munted on a stand resting on the bed of the testing machine. 
All deflections of' Beam Dll were measured relat1 ve to the, bed of the 
testing machine by Ames dial gages mounted on stands resting on the bed of the 
test1Dg machine. 
steel. Strains: SR-4 Type A-7, and in some beams additional SB-4 
Type PA-3 electric stra.1n gages were used to measure the strains at points 
along the tension reinforcement. 'fbe A-7 type gages were attached· nth Duco 
cement to the. prepa:red surface of the bar and allowed to dry about tw ~s 
before testing. 
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Along vi th these measurements, the average strain over a 6-in • gage 
leogth between the A-7 gage positions vas determined using a mechanical gage 
which measured the separation of the points directly with an Ames dial. The 
original. purpose of these measurements was to obtain an indication of the 
magni tude of the strains above y1el.ding, when the capac 1 ty of the A-7 gages 
vas exceeded. When the PA-3 type gages were 1ntroduced,the average strain 
readings were continued to see how they compared nth the PA-3 values at high 
strains. In the first few tests it vas' found that at low strains, the results 
were erratic because the mechanical. gage vas not sufficiently sensitive. .As a 
resul t, only readings beyond yielding of the steel 'Were taken in later tests. 
The average of two readings which agreed within 0.002 in. were used. 
Location of the SR-4, PA-3 and mechanical. gage positions are shown 
on Figs. 7 and 8 along with the other instrumentation. 
Concrete Strains: Concrete strains along the top of the beam, as 
shown in Figs. 1 and 8, were measured by means of SR-4 Type A .. l or Type A-3 
electric strain gages. The beam was ground smooth at the gage locations 
and the gages were attached usiDg Du.co cement. The Type A-l gages were re-
pl.a.ced with Type A-3 gages when it was found that Type A-3 gave as good 
results as the Type A-l and were much easier to apply to the concrete. 
strains were also measured along the depth of the beam at midspan 
using a 2-in. Whittemore strain gage. Steel pl.ugs with gage boles were 
cemented to the concrete. on gage lines as shown in Figs. 7 and 8. The 
number end spacing of the gage lines varied some:what With the size of the 
spec 1men. The table in Fig. 1 gives the dimensions of the variable Wb1 ttemore 
gage plug positions for the various beams. 
Elongation Between the Centers of Supports: The e1.ongation between 
the centers of supports was measured by two Ames dial indicators, mounted 
I 
horizontally on stands resting OD the bed ot the testiDg machine. '!'hese 
. ~ 
. -: 
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gages measured the displacements of each of two steel plugs, which 'Were 
glued to the beam at the intersection of the centerlines of the bearings 
and the bottom row of reinforcement. Figures 7 and 10 show the positioning 
of the steel plugs and the Ames dial indicators. 
Vertical Shortening: Measurements of vertical shortening of the 
beams above the supports were made on all beams. For the shallow beams, D20 
, and smaller J these measurements were obtained from the dial readings measuring 
the deflections of the top and bottom deflection bars, which were discussed 
in the previous section on deflection measurements. 
For the deeper spec~ens, DIO, D12 and D15, the vertical shortening 
measurements were made with a mechanical gage which measured the shortening 
directly vi th an Ames dial. '!he shortening was measured 'between gage plugs, 
which were glued onto the beams at the intersection of the centerline of the 
support and the bottom row of tens ion steel, and gage plugs glued onto the 
beams on the centerline of the supports 1/2 in. from the top of the beams. 
3. 2 wading Apparatus 
A uniform load was simulated by closely-spaced concentrated loads 
applied through a system of hydraulic jacks . Eight jacks spaced at 4-in. 
centers were mounted on a 10 WF 39 beam, 'Which in turn was bolted to the move-
able head of a 300,000 lb Olsen mechanical Univel"~al: Testing Machine. The jacks 
were connected in parallel through a distribution manifold to a hand pump_ The 
tvo center jacks 'Were rigidly attached to the beam. 'lhe remaining six were con-
nected through a roller, whiCh per.mitted rotation as the specimen deformed. 
'!he load 'Was transmitted from the jacks to the beam through I-in. 
diameter chrome-steel balls to steel loading blocks. The blocks were 3.75-
by 4.5-in. 'and rested on 3.75- by 4. 50-in. leather pads which in turn rested 
upon the top surface of the beam. 
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Beam supports consisted of' 6 .. by ~- by 2-in. bearing blocks resting 
on the bed of the testing machine ca.rry1bg a 6-in. by 2-in. diameter roller 
on which rested a 6- by 6- by"2-in. pl.ate. This top plate either carried the 
beam directly or was used to support the larger 6- by 9 or 6- by 12- by 2-in. 
bearing plates.: 'llle beams were seated on the bearing plates with Hydrocal. 
Figures 9 and 10 show a typical. test setup. 
3.3 Testing Procedure 
Load. vas applied in increments until the beam either completely 
collapsed or the resistance of' the beam decreased with increasing deformation • 
. 'At each load 1Dcrement all strain and defiect10n readings l7ere recorded and 
the crack pattern vas observed through a loy power illuminatedmagnif'ying 
glass and marked with ink. Bef'ore the next increment of load was applied, the 
10M and def'lectiollS were again recorded as a certain 8B)Wlt of load ~of:f 
and def'lection increase during the recording period vas observed. Near the 
I 
ex.pected yield load, loads and midspan deflections were recorded for incre-
ments of steel strains until general yielding occurred, as indicated by the 
rapidJ.y iDcreasing rate of steel straining. After yielding and up to fail.ure, 
loads, strains and deflections were recorded for ~rementa of' midspan deflec-
t10n rather than load. At various points throughout the test and afterwards, 
pictures were taken to allow the crack pa~ v~rns • 
Tbe control specimens were tested on completion of' the beam test. 
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IV . DESCRIPTION QF. TESTS. 
4.1 Presentation'of.Test Data and Results 
Eleven beams were tested; the principal results are surrm~ized in 
Table 4, in whiCh are tabulated the loads and' deflections at yield, the loads 
and deflections at failure and the modes of ~ailure. The yield loads and 
deflections 'Were determined from the intersections of the primary and secondary 
slopes of the load-deflection curves. Ultimate deflections are taken as those 
observed at·immdnent collapse or at the point where the load began to drop off. 
4.2 Behavior of Specimens Under Load and fudes of Failure 
In Table 4 are ~isted ,four types of failures: flexure, shear, shear-
. . 
compression and splitting., ~ese failures are discussed and explained in the 
folloving paragraphs 'Which' describ~ the behavior of the beams. Pictures of the 
beams after failure are sho'WIlin Figs. 1+ through 15. 
Beam DIO failed by a rupture of one of the tens~on reinforcing bars. 
At initiation of cracking only a vertical cirack at the centerline was o1:>served. 
With increasing load in~lined cracks developed, i~itiating at the inside of 
the bearing plates and advancing rapidly to meet the vertical crack. At loads 
near failure the' vertical crack opened up considerably and extended to wi thin 
1 .. 25 in.· of the u;>p of the beam. At lo'ads near failure crushing of the con';' 
crete at. the head of the crack was observed. This failure ~. clearly a 
flexural failure. The appearance of Beam' DIO. after failure is .show in Fig. li. 
Beam Dll failed by a vertical slid;ing at the junction of the 'beam 
and the righ"t colunm. 'Cracking initiated at the centerline.. Wi th increasing 
load, inclined cracks developed along the beam extending upwards toward the 
center of the beam at' angles of about 60° with. the hori zontal. Of more import-
ance was the' d.evelopment of a 'large number of closely spaced} sti tch-
like} diagonal cracks initiating at the beam-column connections. 
16 
and extend:l.ng a 'lev 1Dches into the beam, in an upward. direction. These cracks 
were distr:l.buted over the entire depth of the beam. At fa.1lure, the concrete 
sheared ~ these cracks along the beam-to-collDDl connection. After failure 
a crack was observed in the left colUJlDl, about aiahe1ght and extending oori-
zontal.ly for three-quarters of the distance across the column. This crack vas 
, . 
considered as second.e.ry, resw. tiDg from the eccentric 1 tyof the l.oed on the 
coltmm. as ra1lure occurred. This lOOde of failure has been call.ed a pure shear 
failure. Tbe appearance of Beam Dll af'ter failure is shown in Fig. 11. 
Beam D12 behaved in a very interesting lD8D1ler. Inclined cracks 1n1ti-
ated from the inside of the bea.r1Dg plates, extended upva:r~u" at an angle of about 
f:lJO, and became vertical at the center of the beam. liearfaUure the vertical 
crack extended. to 'Within 1.50 in. of the top. of the beam. At the failure load 
a vertical crack .developed suddenly just on the inside of the right support. 
This crack extended from a few !Debes above the tension reinforcement to vi thin 
a few 1Dcbes of the top ot the beam. The beam' ma1nta:1ned this condi t10n for a 
fev seconds and tha failed completel7 with the shear1Jlg of the concrete at the 
u;pper and lover ends of this crack.' After fe.1lure a horizontal. crack, vb1ch 
extended into the beam about 6 iD., vas observed on tbe right end. 1'h1s. crack. 
is DOt visible in the photograph of Fig. 12. This gi ve~ the end block of "tbe 
beam the ~e of an eccentricaJ.ly loaded cO~UIID.. This type of failure, 
1fh:1ch is called spli ttiDg with shear, is s1ll1lar to that reported by :lylander (~) 
on tests of psDels with diametrically opposite loads. 
In the early stages of 1oa.di:Dg, the behavior of :seam D15 vas simi) ar 
to that of Be8ll D12. Well. devel.oped vertical and incl.1ned cracks formed. These 
cracks extended to vi thin about 1.50 in. of the top of the beam. At a load of 
2)1 ld.ps a .vert1c~ sp11 tt1Dg crack sudden' 'Y formed above 'the left s~rt. !rhis 
I 
crack extended from Just above the tension reinforcement to 'Within e. ~ev inches 
. ot the top of the beam. The beam continued to cs:rry an increasing load. untU a 
l.7 
vertical spl.i tting crack, which extended from. just above the reinforcement to 
wi thin a fev inches of the top of the beam, suddenly formed above the right 
support at a l.oad of 215 kips. The l.oad iDnediately dropped off to ro6 kips. 
At this l.OM a horizontal crack, 'Which extended a few inches into the beam, Y8S 
observed on the left edge. When additional pressure was app~ied to the beam it 
failed suddenly by crushing of .. the concrete in the web adJacent to the vertical 
crack at the right side of the beam. The web crUshing apparently develops in 
. the outer .block formed by the splitting crack, because the resul. tant forces on 
the block act eccentric~y, cause bending of the unreinforced block, the 
formation of horizontal cracks at the outer tension edge, and eventu.ally crushing 
along the inside compression edge of the outer block. The failure load was 209 
kips. Jfo Vilnble crushing at tbe head of the vertical or inclined cracks was 
observed prior to fa1lure.The fa1l.ure\ described above is called ~re1n splitting 
vi th web crushing and is s1m1lar again to what Nylander has reported. 
The general behavior of Beams D20, D20-2, D)O-l and D40 up to failure 
vas qui te s1m1lar. Therefore, these "beams are grouped together for the purposes 
of discussion. Besides the vertical cracks which had formed, well developed 
inclined cracks also formed. These inclined ·cracks initiated at the inside of' 
the bearing plates and extended up to within a few inches of the top of the 
beam at midspan. Failure of Beams D2>, n}O-l and D40 occurred by crushing of 
the concrete at the head of the cracks. Beam D20-2 failed initially by the 
rupture of one of the reinforcing bars followed by crushing of the concrete at 
the head. of the cracks. 
The failures described in the preceding paragraph are called fiexural 
failures. Flexural fa.1lure occurs ei ther due to crushing of the concrete in 
. the compression zone or by rupture of the reinforcing steel. The former mode of 
failure, is predom1nant in beams of normal dimensions w1thaverage steel. ratios. 
The l.atter mode of failure is quite uncommon iIi beams of' normal dimensions. 
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The behavior of Beam D2'2-l vas very interesting. In the early stages 
of load1ng vertical cracks and inclined cracks, which initiated at the inside 
of the bearing plates, formed. As the loading progressed add.1 tional inclined 
cracks formed, extending from above the bearing pl.ates at the centerline of 
tp.e bearings end propagating paraUe! to t~e previously fo:rmed inel.1ned cracks. 
These add1 tional inclined cracks appeared prior to yiel.d, and at yield were 
almost ful.ly devel.oped. Just before failure a oorizontal crack formed at the 
outside edge of the left side. Failure' occurred at the left side of the beam 
when the concrete between the paral.l.el inclined cracks crusbed and the end 
block, acting as en eccentncall.y l.oaded block of concrete, failed simultaneously 
when the concrete crushed adjacent to the inclined crack~ In the region of the 
crushing between the parallel. incl.1ned cracks numerous smaJ.l inclined sti tch-
like cracks, which m.tQ" be compared to tbe cracld.ng of a concrete test cylinder 
under load just before it crushes, appeared,and failure of the beam occurred 
shortly thereafter. Bo flexural crush1Dg at the bead of the inclined cracks 
was observed prior to failure. For the purposes of this rePort, the mode of 
faUure of Beam D20-l is called splitting with web crush1Dg. 
Up to· the yield point load the behavior of Beam D;O is similar to 
that descr1~d in the preceding paragraphs for Beams 1)2), D2J-2, D30-l and 
DlJo. '.fhat 1s well developed vertical and inclined cracks formed , extending 
toward too midspan of the beam. However 1 at slight increase in load above 
yield, the beam failed Budden) y by the crushing of the concrete at the head 
of the r~t inclined crack. This failure, caJ.J.ed a shear-compression failure, 
though s1m1lar to the flexure f'a:1lures p~v1ously deSCribed, bad one Significant 
difference, its suddenness, 'With no previous indication or cruh1Dg of the con-
crete. The beam failed in a brittle manner. There was little ductility or 
/ 
energy-absorbing capacity.' 
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Beam.D60 showed typical beam-type f'iexural behavior. Cracking in 
the center portion of the beam began with vertical. flexural. cracks. At loads 
beyond yield these cracks became inclined, curving towards midspan. Failure 
occurred by crushing of' the concrete .t the head of the center and adjacent 
inclined cracks. Inclined cracks, 1n1 tiating at the inside of the bearing 
plate, were not as 1 f'ully developed as those in the deeper beams •. 
Except f'or Beam D60 the crack patterns for all. beams gave the 
appearance of the formation of an arch. 
4.; Load-Def1.ect1on Curves 
Load-deflection curves for the beams tested are shown in Figs. 16 
through 2). For convenience and. comparative purposes the curves are grouped 
in accordance with specimen size or type of failure. The curves are for the 
deflection measured at the top midspan. Except for Beam Dll all the beams 
showed a def'1n1 te elastic range up to the yield point at which the curve 
breaks and flattens out with the deflections increasing very rapidly there-
after with respect to the load. Beam Dll did not exhibit a yield point, the 
load-def'l.ect1on curve being appro.x1ma.te1y a straight line up to the failure 
of the beam. 
Beams D12 and D15 exhibited a high degree of ductility even though 
tbe beams failed by splitting. This' seems to indicate that the beams were 
approacbing their ult1ma.te capacity in flexure at the time of the splitting 
failure. 
Beam DfO, Fig. 18, shOwed a considerable aD)unt o-f ductility. When 
compre~s1on steel vas added, as in Beam DOO-2, the ductility of' the beam was 
al.most doubled, yet the yield loads and yield deflections are almost identical. 
Increasing the'tension reinforcement as for Beam D20-l increased the yield 
l.oad and deflection but considerably reduced the ductUi ty • The slope of' the 
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elastic portion of the curve· was . aJ.so 1ncr~ased by the increase in steel. per-
centage in Eeam D20-1. 
Wi th Beam D30 some difficulty was experience with the centerline 
I de:f'l.ection Igage a.t the top of the beam. This difficul ty was a.ttributed to a 
loose gage support. A correction to the load-deflection curve was attempted 
and this corrected curve is presented in . Fig • 30. The curve shows a break 
at the yiel.d point and then only a relatively small increase in deflection 
before failure by shear-compression. Beam D30-l, similar to Beam D30, shows 
the same sharp break at yield but a large increase in deflection to failure, 
which is attributed to the presence of the compression reinforcement. The 
yield loads for D30 and D30-l are in quite close agreement, 59 kips and 61 
kips 'respectively, but the deflections are not in clos~ agreement, being 
0.072 in. and 0.052 in. respectively. This makes the validity of the 
correction to Beam D30 som.evhat doubtful, especially when a comparison is 
made with the results of D20 and Da:>-2. 
The load-deflection curves for Beams D.40 and D60 show the typical 
ductile behavior of a flexural failure. The break at the yield PQint 1s not 
as vell defined for Beam D60 as for the other beams 1 having more or less a 
gradual transition. This gradual change 1s more typical of reinforced con-
crete beams of normal d:1m.ensions. 
Tbe deflected shapes of the top surfaces of the beams are presented 
in Figs. 2l. through Z7. At the yield loads the deflections assume a shape 
somewhere between that of parabolic form and that formed by assuming tw 
straight lines between the supports and the midspan. At the highest load 
approaching ultimate a.t vh1ch the deflection measurements were taken the 
defJ.ected I shapes / can be closely approximated by two straight lines from the 
supports ,to tbe midpoint. This would seem to indicate that at ultimate the 
beams act as two separate rigid pieces connected by a hinge at the midspan. 
:, 
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Figures 23 through 30 are plots of measured midspan deflection 
versus measured separation or the centers of supports. All these figures 
show a" reasonably ~inear relationship, which indicates that the midspan 
deflection is directly proportional to the total elongation of the tension 
reinforcement. ' 
4.4 Steel Strains 
Load-steel strain curves are shown in Figs. 31 through 42. For 
Beam D20 -1 a curve is p~sented for each layer of tension reinforcement. 
Figure 36 is the curve for 'the bottom layer and Fig. 37 is the curve for the 
second J.ayer. The curves are identified by the notation 81, S2 and so on to 
s 5, each of which denotes a gage post tion commencing from the left-hand side 
of the specimen. That is Sl denotes the extreme left-hand gage position, S3 
denotes the centerline gage post tion and S5 denotes the extreme right-hand 
gage position. The upper curve in tbese figures presents the complete range 
of strains measured for the two extreme, plus the center gage positions. The 
lover curve presents to a larger scale the strains in the range up to yield 
I 
for all the gage positions. 
For the beams in which Type PA-3 gages were used in addition to 
Type A-1, the upper curves in Figs. 31 through 42 were generally the results 
of the PA-3 readings because their raoge of values extended far beyond the 
range of Type A-7. For the lower curves and for the upper curves of all the 
beams wi tbout Type PA-3 gages the A-7 results were used.· 
In all the beams tested the steel strains at failure were in the 
work-hardening range except for D2:>-l and D30 in which only one or two gage 
points showed strains beyond the strain hardening point. 
ltl Figs. 31 throug~ 42 the dashed lines represent the theoretic"tu. 
mid.span/ strain for an elastic J fully cracked section. Arch bepavior is 
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indicated by the fact that the experimental curves become grouped together, 
and lie very close to the theoretical line as loads approach' the yield load. 
Figures 43 through .48 show the distribution of the total tensile 
force in the bar, for each beam, up to the yj.eld point or each bar. Forces 
were computed utj.lizing the stress-stra.1.n curves from the coupon tests for 
the bars, the .mea.s~d steel strains, and area of steel. From these figures 
the redistribution of forces or ,strains along the bar can be observed for 
each beam. At low loads the parabolic distribution is predominant, and at 
higher loads a more uniform. distribution predominates. Figure 48 for Beam D60 
shows that even at the time of yield1Dg of the steel at midspan, the distribu-
tion of force along the bar is of roughly parabolic form. This indicates that 
this beam acted essential.l.y as a normal beam, which is aJ.so indicated by the 
failure of this beam. 
For Beam Dro-l, with the two l~rs of reint'orcement, the diagonal 
cracks developed early in the test and the distribution of the tensile forces 
along the bars was uniform at a fairly low load. The total tensile force is 
the'sum of the separate forces calPUted for each bar. For tlK:> load. incre-
ments the force in each layer is pl.otted along with the total.' force, Fig. 46. 
It is observed that the force in the second l.ayer of steel is greater than 
the force in the bottom l~er of steel. This' is not consistent vi th the 
concept of linear distribution of strain general.l.y assumed for beam action. 
Winem1 J J er observed the same phenomenon in his tests having multiple layers 
of steel. Possibly this phenomenon 1s caused by horizontal friction forces 
exerted at the bearings which might reduce the force in the lover layer of 
steel. more than the upper layer. 
For Beams DlO and D2:>-2, in which the ultimate fa.1lure was due to 
rupture c;>f one of the tension reinforcing bars, tbe total force in the bar 
at faUure, computed from the fallure load and the observed lOOment arm, 
i 
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vas much greater than the rupture load taken by the bar in the coupon tests. 
If the properties, of the steel in the beam closely approximate those from 
the coupon tests, some unintended forces must have been acting on the beam. 
It is believed that this discrepancy vas caused by horizontal forces induced 
by the :friction in the support systems. For Beams DlO and D20-2, these forces 
were estimated to be 6.78 kips and 6.20 kips respectively. 
Judging from the steel strain data, the horizontal forces at and 
before yielding must have been insignificantj this seems reasonable since the 
deformations Qf the beam and accompanying motions of the supports were very 
small before yielding and some motion is probably necessary to induce these 
forces. Insofar as ultimate load is concerned, the friction forces should 
not have affected appreciably the strength of Beams Dl2, D15 and D20, which 
ra~led by splitting, Besm D30 which failed by shear-compression, nor Beams D20, 
D30-l, D40 and D60, which failed by crushing of the compression zone in nexure. 
'!he presence of !the friction forces may have affected somewhat the ultimate de-
:flections since even a small reduction of force in the steel in the strain-
hardening range may result in a considerable reduct,ion in the strain. However, 
the friction forces are so uncertain that they have not been taken into account 
except in Beams DIO and D20-2 where a reasonably accurate esttmate of these 
forces could be made. 
4.5 Con~rete Strains 
Figures 49 through 53 give the resUlts of the concrete strain 
measurements along the depth of the beams at midspan measured with the 2-10. 
Whittemore mechanical gage. Figures 54 through 59 give the results of the 
concrete strain distributions along the top edge of the beams measured with 
the electric strain gages. 
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It is observed, that for all beams, the strain distributions over 
the measured depth are reasona.bly linear at all load levels, and that as the 
loads are increased there is a marked reduction in the depth of the compression 
block, especiaJ..Js for the very deep members. At high loads, when the concrete 
I 
began to crush, the Whittemore gage plugs loosened or dropped off. Further 
recording vas impossible. An estimate of the concrete strains at the level of 
the strain gages at the ul. t1mate loads was made by extrapolating curves of 
concrete strain versus midspan defl.ection. :Both the Whittemore readings and 
the centerline electric gage readings 'Were plotted. The mst reasonable of 
the extrapolated values were used and are presented in tabular form in Table 5. 
Because of the extrapolation, the values of the ultimate strains are somewhat 
doubtful; therefore, the results in Table 5 are presented only to give an 
idea of the order of magnitude of the strains and not to determine exact 
values. Estimated ultimate strains are presented for all beams except 
Beams D12, DOO, D2)-2 and D30-l. The estimated ultimate strains are not pre-
sented for these four beams because the large range over which the concrete 
strain versus midspan defl.ection curves had -to be extrapolated resulted in 
values 'Which seemed too high. 
For beams failing by crushing of the -concrete in the compression 
zone, or for which the concrete began to .crush before failure by some other 
mode, the extrapolated ultimate strains varied from 0.0044 in. / in. to 
0.0095 in./in. For these beams it is interesting to note that the concrete 
strain at visible crushing vas not less than 0.0044 in./in. Some crushing 
strains among this group of beams ~re measured as high as 0.0095 in./in. 
For beams which failed without crushing of the concrete in the 
compression zone, it is interesting to note that the mea.sured maximum con-
crete strains, at one load increment below ultimate, did not exceed 0.0054 
in-./in. 
In Table 5 the concrete strains at visible crushing are also 
presented. Tbe observed crushing strain given for Beam D2) (0.0065 in./in.) 
is t\he largest va.lue of strain recorded and it was measu.;red at one increment 
of load below the load at which crushing vas observed. Beams Dll, D12 and 
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D20-1 failed without crushing of the concrete in the compression zone and so no 
crushi:Qg strain values are recorded. For Beams D40 and D60 no definite 
observed crushing loads or strains were recorded although failure occurred by 
crushing of the concrete in the compression zone. 
The concrete strain distribution along .the tops of all the beams 
except Dll are as' to be expected, in that there is a great tendency for these 
strains to concentrate in the centr~ portion of the member. The strain dis-
tributions are shown up to the largest recorded values of the strain gage 
rea.d.iD.gs only. The strains in the deeper members seem to be a little IOOre con-
, 
. centrated at midspan than those of the shallower beams, as shown by the steeper 
slopes of the plots. This is in agreement 'With the observation of well defined 
arch action in the deep beams which is not quite so pronounced in the shallower 
members. 
The presence of compression steel in Beams D2J-2 and D30-l did not 
seem to affect the distribution of' the concrete strains. It might be expected 
that the compression steel would distribute the strains over a greater distance, 
but th:b; behavior is not detectable from the figures. 
The strain distribution across the top of Beam Dll shows a lesser 
tendency to peak up at the center than the other specimens. The maximum 
measured strains are .qui te small but the general shape of the curves are simi-
lar to those of the other specimens at lower strain values. 
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v . S'IUDIES OF TEST RESULTS 
5.1 Introduction 
In this chapter are presented studies of the flexural behavior of 
de~ beams; these studies are based upon both the data obtained in the series 
of tests described herein and in the previous tests. In addition, a few re-
marks are made concerning the behavior of deep beams which fall in ways other 
than fle~e. 
The phenomenological behavior of a beam subjected to lateral load 
is defined by the load-deflection diagram. The purpose of this study is to 
obtain information about the load-deflection diagrams for deep beams which 
fail in fiexure under uniform loading, and to develop means for the pre-
diction of this behavior. Insofar as other modes of failure are concerned 
it is not necessary to determine the complete phenomenological behavior but 
is only necessary to develop means for predicting 1?he strength of beams 
wi tbout special reinforcement and to develop methods of reinforcement to 
prevent such failures.. All practical structures, particularly those sub-
jected to blast-type loadings, must be designed in such a way that flexural 
behavior is assured. 
From the results of these tests and previous tests it is apparent 
that the load-deflection diagram can be approximated by two straight lines, 
one each for the elastic and inelastic range. This can be seen in the 
load-deflection diagrams, Figs .16 through 2).. ~se lines may be defined 
by the load and deflection coordinates of the yield point and the ultimate 
load point. A procedure for predictiDg the moment at yielding is given in 
Section 5.2 and a formula for predicting the deflection at yielding is 
given in Section 5.3. A procedure for predicting the ultimate moment is 
given in Section 5.4 and a procedure for predicting the deflection at collapse 
is given in Section. 5.5. These formulas and procedures are DOt gen.erall.y in 
a. convenient form for direct design use', but they provide the theoretical 
:foundation for the development of convenient design procedures. 
One beam tested in this series, Dll, was tested chiefly to observe 
the behavior snd type of failure of a deep beam vbich is framed into a co~umn 
and supported by shear along the connection, rather thsn by a bearing p~ate 
on the bottom" and to observe if this type of support changes the behavior 
from that of the s1mp~y-supported members. The massl ve end co~umns suppl.led 
an indeterminate amount, of restraint which prec~uded a study of the lOOments 
and furthermore the members fa.il.ed in shear before yielding; therefore, the 
resul. ts of this test are not considered in the study of the flexural behavior 
of the s1mpl.y-supported beams. 
5.2 Mbments at Yiel.ding 
It was found in the in1 tiel exploratory tests of this investigation 
(1,2) that the ooments at yielding in deep ~eams can be predicted reasonably 
well by the conventional. straight-line cracked section theory. The reaul ts 
of t~ tests of this series also indicate this fact. The standard fonnllas 
for computing the theoretical moments a.t yield of beams reinforced in tension 
only, or reinforced in both tension and compreSSion, are presented in Appendix A. 
The moments of the applied loads at yieJ.diDg of the tension reinforce-
ment are g1 ven in Table 6 for the simply supported beams of this series. The 
ratio or tbe test yield moment ~ to tbe theoretical yield moment xy varies 
from 0.99 to 1.11 with an average vel.ue of 1.06. Although nearly all the 
ratios are slightly greater than one, the agreement with the test results 1s 
good and this method of predicting first yielding se'eas quite adequate. 
5.3 De:f'1ections at Yielding 
As ha.s been discussed in prevlous sections, the yield load and yield 
def'1.ection are defiDed as the coordinates of' the intersection of the in1 tlal 
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and secondary slopes of the load.-de:f1.ectioD diagram. The yield load 8.lld 
detl.ection define the elastic behavior ot the· beam. Of course, in many cases 
;r1eJ.diDg at some weak' spots actueJ.ly begins at a slightly lower load than 
indicated by the above procedure, and the load-deflection diagram bas a curved 
transi tioD connecti.ng the 1D1 t1al and seconda:ry slopes. so that the coord1.nate 
vh1ch defines yield me:y not actueJ.ly lie on the measured load-deflection curve. 
The actual. deflection at the yield load JIl81' be 8.lld otten is considerably larger 
,than the 0011"0& yield deflection. When stu~ the strains and deformations 
in the beam at yteldiDg, ODe must be carefUl BOtto use measured values at 
loads equal to the yiel.d load, for these measured deformations will correspond 
to the actual. deflectiOnS wbich may be considerably larger than the yield de-
f'lection. It is necessary in studyiDg the el.astic behavior before y1e1ding to 
examine the strains and deformations in the beam at a load less thaD the actual. 
yield load 80 that the components of the beam vill' be acting elastically J but at 
a load high enough that cracld.ng is vel.l developed. Then the behavior at the 
ntm1naJ yield load can be found by asSUlling that the deformations wUl increase 
linearly u;p to the yield load. 
The deflections observed in the tests appear to be due primarily to 
flexural action, even for the very deep beams. This is 1ndicated in Figs. 2) 
through 30, which show plots of midspan deflec1iln versus the separation of 
supports. These plots are a.J.D:)st linear up to failure. In some, a slight non-
l1neari t7 is noticeable vi th a change in slope observable at the yield point. 
This c~ in slope is probably caused by a movemeDt upward of the neutral 
axis as the cracks progress u;pva.rds vi th increasiDg load after yielding. 
This chaDge in position of the neutral axis with increasing load wu observed 
. ~ 
d1rectl.y :t:rom the concrete strain readings. As is vell kIlown" this phe1lO1I!leDOn 
also occurs in ahalJ.ow beams. 
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Direct measurement of the vertical shortening of the ends of the 
beams sbowedthat this quantity 1s generally of a small order of magnitude. 
For the deeper beams, vh1cb carried the highest loads J the average vertical 
,strain was in the order of 0.0005 in./in. This amounted to a maximum total 
vertical shortening of the ends of the specimens in the order of 0.012 in. 
at a load approacbing ultimate. At the yield point load the maximum vertical 
sbortening vas on the order of 0.008 iD., which amounts to a unit strain of 
less than 0.0004 in. / in. 
If the deflections result primarily :from flexure, they should be 
related to the total elongation of the tension steel, 6 , as indicated by 
s 
the following equation. 
"1 5 L 
s 
!::. = Kd (5-1) 
,where Kd denotes the distance :from the neutral. axis to the centroid of the 
tension steel and "1 is a f\mction of the distribution of curvature along 
the length of the beam. The vaJ.ue of r should lie in a range between 0.156 
vb1cb 1s correct for a parabolic distribution of curvature, and 0.250 wbich 
is correct for a co~entrated curvature (or sharp break in slope) at midspan. 
, The def'J.ected shapes of the deeper beams, as shown 1n Figs. 2l through 'Z7, 
indicates that a ,value of 0.250 would be reasonable. 
During the test at each load increment, measurements were made of 
!:l and 0 and the value of Kd can be estimated from the concrete strain 
s 
measurements at midspan, SO that the value of r in. Equation (5-1) can be 
found d1rectJ.y from the data. These data have been assembled and the value 
of r cal.culated in Table 7 for each beam of the D-Ser1es for a. load just 
below the yield load. The values of 7 for span-depth ratios less than 3 
lie ma1 nl y betl1een 0.25 and 0.30 and for larger span-depth ratios, the 
value of' r decreases as would be expected. In these figures the estimated 
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value of Kd is somewhat uncertain since it is based upon stra1D.s along only 
one vertical sec'tlon and because, such strain data ar:e usually erratic. There-
fore 1 the values of 7 vere also computed using the theoretical distance from 
the neutral. axis to the centroid or the tension steel, (l-k)d, obtained by 
the standard straight-line cracked section theory; these vaJ.ues are presented 
in column 9 of Table 7. It can be seen that the vaJ,.ues of 7 based upon the 
theoretical. values of (l-k)d are more nearly cons'tant than are the vaJ.ues 
computed from the measured Kd, vh1ch indicate. that the theoretical values of 
(l-k)d may aetuaJ.ly be c10ser to reality thaD. the measured values. Also the 
values of 7 based upon the theoretical. values, (l-k)d, agree well with the 
theoretical. upper 11m1t of 0.25 for span-depth ratios of :3 or less, and de-
crease for higher &pan-depth ratios as would be expected. The very reasonabl.e 
values of 7 thus obte.1.Ded are 8DOther indication that the deflections at 
yielding are due prima.r1.l.y to f'l.exure, and that they may be predicted fairly 
accurately if the steel strains are known, or if the total elongation 5 can 
s 
be predicted. 
To determine the relationship between 8 sy' the nom1 nal separation of 
supports at the nominal yield load, and 4i , the total el.oDgatlons are plotted 
Y . 
versus the 1000 on :rigs. 60 and 61, and the nominal el.oragations corresponding 
to the rom1 naJ yiel.d 10ads are indicated by the enlarged dots on the curves. 
Bote that the elongations a.z,e indicated in D>st cases 011 the extension of 
. the 1n1tiaJ. slope, since yielding usual.ly begins at a some'Wbat lover load 
than the :nominal yield load. These values are given in Table 8 along with 
values of fi.!, where ~y is the ;yield strain determined f'rom coupon tests, and 
tabulated in Table 3. The ratio a 8! E! 1s given in column .6. I'ote that for 
Be_ D10 the ratio 5
8
!£! 1s espec1aily low, probably because of the very 
].ow steel ratio. For steel. ratios in the normal. raDge of 0.005 to 0.020, 
I 
t~e does not appear to be much effect of steel ratio. There is possibl.y 
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some effect due to width of bearing'" size of reinforcing bar and steel percent-
age, but there a:re not enough_data to separate the effects. However, they appear 
to be smaJ.1. 
For Lid less than 4 there does not fq)pear to be BIlY effect of span-
depth ratio. However, it Wl?uld be expected that for beams of normal. proportions 
in which the strain in the reinforcing is distributed parabolica.lly, that 8 
sy 
'WOuld have a value of approximately 0.67 E L. Note tha.t this value is reached in y 
Beam D60. 
From the above study of the actuaJ. behavior I of the beams tested it vas 
decided that it should be possible to predict ~he yield deflection reasonably 
well by a formtilalof the following form, 
6 L2 
~; :: a (l-~)d (5-2) 
where a is a function of Lid only. It has been found that good results are ob-
tained by using the following formula. for a, 
a = 0.250 for Lid ~ 3.0 
a ~ 0.2,50 -0~Q365(~ -3) for 3.0 .s L/d:5 7.0 
ex = 0.104 for Lid ~ 1.0 
Using this equation the yield deflections were predicted for the 
beams of the A, B, C and D-Series tests and the results are tabulated in Tables 
9 and 10. Table 10 shows that the deflections for tbe D-Series specimens can be 
predicted fairly closely for all the specimens except Beam DIO, for vl::rl.ch the 
predicted deflection is 'higher tba:a the measured deflection. This difference is 
small in absolute value; however, the total d.e:f'lection is small and therefore the 
difference percentagewise is quite large. On an absolute value basis the pre-
-dieted deflection is in good agreement 'When compared to those of the other beams. 
, For the C-Series specimens w1tbo~t web reinforcement, C-l, C-3 ,and C-7" 
the de:f1.ections, using Equation (5-2), ca.ti be predicted quite reasonably. 
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For the specimens with web reinforcement the results are good iil some instances 
and not so good in others. 
For the A-Series tests the results presented in Table 9 show quite a. 
scatter. For low Lid ra.tios the predicted deflections in some cases are quite 
J 
a bit higher than the measured deflections both in absolute value and pereentage-
vise. For the high values of Lid the reverse is true, though not quite so pro-
DOUllCed. 
This method of predicting the yield defJ.ectioDS gives good results for 
the B, C and D-Series specimens, but they are somewhat poorer for the A-Series 
specimens. The values of yield def'l.ections are generall.y of such a small. order 
of magnitude that even small inconSistencies are magnified so that the resUlts 
may be misleading. 
The value of a seems to vary somewhat with the amount of tension rein-
foreement present in the beam. R. If. Wright, Instructor in Civil Engineering, de-
veJ.oped the following relationships which includes a. factor to account for the 
varying amounts of steel present. 
where 
M 
6" - Y Y - 4A E .aj s s 
= -0.Ol(L!d)2 + 0.22 Lid + 0.17 
a j (P'I» 2/3 for 1.0 ~ Lid ~ 6.0 
c j = ~;;74 for 8.0 ~ Lid ~ 1.6 
~re the values of a~ were determined empirically. 
This relationship was applied to the beams of the A, B, C and D 
series and the results are sbown in Tables 9 and 10. 
For the D and C-Series' specimens this method predicts the yield 
(5-3) 
def1.ect1ons very closely for all beams, except Beam D30. For this beam the 
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value of the measured deflection was somewhat in doubt due to a loose gage 
support. Excluding:Beam D30, all. the results are quite good. Prediction by 
-the previous method aJ.so gave fairly good resul. ts • 
However, the application of this second method to the beams of the 
A and B-Series does not g1 ve good results. Predicted deflections are as 
much as 5O'fo to 6ocf, out in some cases, and general.ly they are too love 
In Fig. 62 are presented ratios of measured deflections to the 
theoretical deflection plotted against L/ d for all the beams considered. The 
top part of the figure is the ratio 61!:::.; plotted aga.inst L/d. It sbove a 
scatter about unity which is approximately balanced above and beloy the line. 
The bottom portion of the f1gure is the ratio of A/ A'/, plotted against L/ d. 
This lower plot shows a scatter, about unity which tends to be on the .high 
side. 
5.4 Ultimate Strength 
In previous tests (2) of deep beams with span-depth ratios of about 
3, it was shown that the ul.timate capacity of beams of this relative 
depth could be predicted reasonably -well by the ul t1mate strength procedure, 
provided the value of the concrete strain at crushing, which determines the 
strength of beams failing in flexure, 1s increased over that assumed for. 
beams of normal dimensions. The standard formulas for the pr~d1ction of the 
ul. timate strength of beams based on the assumption that concrete crushes at 
a. limiting strain and that the strain is distributed linearly over the depth 
of the beam are presented in Appendix A. For the beams vi th span depth 
ratios of about 3 reported by Winemiller{2) it was shown that using a con-
crete strain of 0.008. in./in. ~sulted in predicted moments which agreed 
very well with the moments computed from the applied loads. 
'In the section discussing yield deflections, the formula presented 
for the ~rediction of yield deflection has coeffiCients, which set the beams 
studied into ~hree behavior groups as a function of the span-depth ratio. Beams 
vi thl span-depth rat10s of' :;.0 or less behaved essentially as arches; be8llls 'With 
span-depth ratios of 7.0 or greater behaved ,essentially as beams and those beams 
'With span-depth ratios between :;.0 and 7.0 exhib1ted a behavior somewhere be-
I ' 
tween that of a. beam or an arch, approaching the behavior of one or the other 
depending on the span-depth ra.tio. 
At the ultimate load the beams discussed seemed to show essentially 
the same behavior as they showed at the yield load, arch, beam or somewhere be-
tween arch and beam, depending on the span-depth ratio of the beam. Therefore, 
for the purposes of estimating the l1m1 ting concrete strain, which determines 
the strength of beams failing in flexure, the beams were set into the same 
groups as they were at yield. For beams with span-depth ratios of 3.0 or less 
arch behavior was assumed and the limiting concrete strain at fa1J.ure was taken 
to be 0.008 in./in. For beams with span-depth ratios of 7.0 or more, beam be-
hav10r was assumed and the l1m.1 ting concrete strain at fa.i.lure vas taken to be 
0.004 in./in. For beams with span-d.epthratios in the range 3.0 to 7.0 a 
linear interpolation was made between the limit of 0.008 in./in. and 0.004 
in./in. 
ALl beams except D40 and D60 bad L/ d ratios of 3 or less so that the 
I 
ultimate moments of these beams were computed assuming a l:imiting concrete 
strain of 0.008 mo/in. For Beam D40 the limiting concrete strain used to com-
pute the moments was 0.007 in. / in. and for Beam D60 the limiting concrete strain 
used was 0.00 5 in. / in . 
In Column (7) of Table 6 are ta.bulated the computed theoretical ulti-
mate moments, Mf , for all the simply-supported beams, regardless of the IOOde of 
failure. In Column (6) are listed the moments of the applied loads and in 
Column (8) are presented the ratios of the moments of the applied loads, M , to 
, . u 
the theoretical moments Mf for all the simply-supported beams. There is no 
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particuJ.ar significance in the values for the beams fa1~1ng in zoodes other than 
flexure, except, permq,s to show that in some of these cases the high test 
moments indicate approaching flexural. capacity. Specimens D~2 and D15 are 
good examples. 
The test moments, given for Beams D10 ~d D20-2, which failed in 
flexure by the rupture of one of the reinforcing bars, have been corrected 
for the horizontal forces acting at the supports as was discussed in Section 
4.4. 
A study of Table 6 shows that for the beams failing in flexure the 
ratio of the test moment, M
u
' to the theoretical ultimate mment, Mf , varies 
between O.9~ and 1.12. Winemiller(2) reported good agreement with test re-
sruts using this method. Thus, on the basis of available data it appears 
that the ultimate capacity of deep beams can be predicted by the COImDOn 
ul. tiInate strength theory for beams of no:rmaJ. proportions, provided a higher 
value of the concrete strain at crushing is used in the deeper members. The 
use of a higher value of concrete strain is compatib~e with some of the higher 
strain measurements recorded in the deeper members before crushing was observed. 
5~5 Deflections at Ultimate Load 
As has been discussed in previous sections, the deflections observed 
in the tests appear to be due primarily to flexural action. This is indicated 
in Figs. 28 through 30, which show plots of midspan 'deflection versus the 
separation of supports. These plots are almost linear up to failure. 
Thus, if the deflections result primarily from fleXlU"e, they should 
be related to the total. elongation of the tension steel as indicated by equa-
tion (5-1) of Section 5.3 and given below 
(5-1) 
where Kd denotes the distance from the neutral e.x1s to the centroid of the 
tension steel and "'! is a. function of the distribution of curvature along 
the length of the beam. 
Tbe value of "1 vas evaluated from the test results of the beams 
failing in flexure, nemely Dl.O, Da>, D2)-2, D30-l, D40 and D60. The value 
of Kd used was the thooretica.l distance :from the neutral axis to the centroid 
I 
of the tension reinforcement, (l-k )d. The strains in the steel at the ulti-
u 
mate loads were .obtained from the actual ultimate loads to which the beams 
were subjected; the internal moment arms wre estimated from the distribu-
tions of stra.in across the depths of the sections at Ilidspan, and the forces 
in the bars were computed. The forces were converted to strains using the 
stress-strain curves for the reinforcing. 'Dles.e data. eire assembled and the 
values of' I are computed in Tabl.e 11. The values of ., for span-depth ratios 
less than three lie between 0.214 and 0.228 and for larger span-depth ratios 
the value of ., decreases as 'WOuld be expected. 
For the beams tested in this series the following relationship has 
been found to give satisfactory results in predicting def'l.ections at ultimate 
1.0 ad 
vhere (l-k ) d is the theoretical distance from the neutral axis to the 
u 
(5-4) 
c'entroid of the tension reinf'orcement computed by the ultimate' strength pro-
cedure and assuming the l1m1tiDg concrete strainS used for predicting the 
ul.t1ma.te moments as discussed in Section 5.4; E: is the strain in the tension 
au 
steel at ultima.te load, and t3 1s given by the following formula 
~ = (0-0.030) 
where 
a = 0.250 
a :: O. ~50· - 0 .• 0365(~ - 3) 
a = 0.104 
for Lid :S 3·0 
I for 3·0 :S Lid :S 7·0 
for Lid ~ 7.0 
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Using this equation, the ultimate deflections ~re predicted for 
al~ the beams of the D-Series tests based on the estimated steel strains at 
ultimate lo~ and the 'resul.ts ~e tabulated in Tab~e 12. Comparison of the 
measured and comPuted deflections, shown as the ratio of the measured deflec-
tion to the computed deflection vary from 0.42 to 1.09. If the results of 
Test D30 are discounted the ratio will then vary from o. 74 to 1.09. The 
particul.arly low value of the ratio of measured deflection to computed de-
flection for Beam D30 seems to be due to the faulty measurement 0 f midspan 
defl.ection in the test, as previOUSly mentioned. 
In order to check the general. app11cabi11 ty of this relationship 
it ~ ~lied to the results of tests on deep beams reported by Winemiller(2) , 
where the estimated ultimate steel strains were given. Table 13 summarizes 
the results of this part of ·the investigation. It can be observed from the 
ta.bl.e that the ratio of measured deflection to computed deflection varies 
from o. 50 to 1.11. This low value of O. 50 occurred for 'Beam C3, which had 
the web reinforcement consisting of inclined bars.' It was observed that 
tbese inclined bars were effective in preventing the formation of well de-
veloped incl.ined cracks, which have to form to cause the beam to act as an 
arch. Therefore, the relationship developed, which assumes arch behavior 
in this Lid range, is not applicable for this beam. For beam behavior the 
ratio of' measured deflection to computed deflection should be about 0.61 . 
.. The beams wi thweb reinforcement in the C-Ser1es Tests have ratios of 
measured ultimate deflection to computed ul. timate deflection less than one 
but approaching one. This indicates that for these other specimens the beams 
are behaving as an arch in spi te of the web reinforcement. 
The above discussion of ul tima.te l deflections is based on measured 
loads estimated moment arms, and estimated steel. strains. Al.l these quantities 
are measured or derived from measured quanti ties, and most of these measured 
quanti tie.s cannot be obtained without complete destruction of the specimens. 
In order to see boy this relationship works 'Without ~ these measured values, 
the steel strains, as estimated from the ultimate strength theory, were now 
substi tuted into formula (5-3). 
For Beams D10, n2J, D20-2 and 'D30-1 the steel strains a.t ultimate 
were predicted using an assumed crushing strain in the concrete of 0.008 
I 
in. / in. For Beams n40 and D60 the steel stra.ins at ultimate were predicted 
a.ssuming a crushing strain in the concrete 0.007 iD.. lin. and 0.005 in. lin. 
re~ctively, as was used for computing the ultimate moments. 
Table 14 shoYS the results of the computations for the beams Which failed 
in flexure. Ratios of measured deflection to the theoretical deflections vary 
between 0.66 and 1.54 with the average· ratio being 1.02. Except for two speci-
mens, D2J-2 and n40 the theoretical ultimate deflections agree very well with 
the measured deflections. However, the smaJ.1. numbers of test results available 
preclude any general statement regarding the general. applicability of the 
formula· derived for esttmatingdeflection at ultimate load. 
5.6 Ductility 
Ductili ty, which is defined as the ratio of the maximum deflection 
to the yield deflection, is an important property for beams subject to blast-
type loading. The duc til i ty of' the beams of this series which failed in 
flexure varied from 8 to 50. Beams reinforced in tension only displayed a 
relatively large degree of ductility_ Beams reinforced in tension and 
.. 1 
I 
MJ 
. 1 
I 
I 
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compression showed, relatively, the greatest degree of ductility. Beams with 
the high steel percentage showed less ductility than those with smaller per-
centages, providing all other variables were equal. As would be expected, 
beams failing in modes other than flexure showed less ductility. Table 15 
presents the values of ductility for the D-Series specimens except Beam Dll. 
Values of ductilities range from 1.5 (shear~compression failure) to 50.0 
(flexure failure of beam with compression steel). 
For beams 1lh1ch ~aU in flexure, . Merritt end Ne'Wnark ~ 4) rela t~the 
ductility factor to the differences in the percentage of tensile and com-
pressive reinforcement. This relationship is given as, 
where p and p' are ·expressed as percentages. In Column (6) of Table 15 duc-
tility factors computed by this relationship are shown for all the beams. A 
comparlsonof Column (5) and Column (6) of Table 15 shows that ductility factors 
computed by the formula given by Merritt and Newmark agree. fairly well with 
the ductility factors· computed from the. test results for the beams ~hich failed 
in flexure,being somewhat on the low side for the very deep beams. 
5.7 Shear Strength 
In Table 16 are presented values of the nominal shearing stresses 
and the ratios of shearing stress to concrete strength at the ultimate load 
. carrying capac i ty of all the beams. The shearing stresses were computed for 
the vertical section at the inside face of the bearing blocks by the following 
formula, 
where 
y. = 
u 
v 
u 
bjd 
y u = maximum nominal shearing stress 
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v = shearing force on a vertical section at the inside 
u 
f'ace of the supports 
b = width of the beam 
j = ratio of lever ar.m of internal resisting moment to 
effective depth'd computed from the straight l~e 
theory 
The highest value of the ratio was observed for Beam D20-1 (0.32)) 
vh1cll failed by splitting. Beam Dll which failed in pure shear had a ratio 
of 0.215. It 'WOuld be expected that a beam fail.1ng in pure shear would have 
a higher ratio than for a beam falling by splitting. From the one test shown 
this is not the case and ·i t seems tbat the kind of restraint could be a. factor 
in determining this ratio. That is to sa:y this restraint may cause the beam 
to crack unfavorably in a _region of high shear and moment, as at the beam 
column connection, reducing the capacity of that section to carry the shear 
forces. 
If a sma.l.1 amount of reinforcing were to· be effectively pJ.aced in 
the region where the vertical splitting cracks form, the development of such 
detr1ment~: cracks could probably be prevented or at least minimized to the 
extent that the beams would resch their flexural. capacity before a splitting 
or shear failure 'WOuld occur. Flexural. behavior in beams is essen-tlal es-
pecially in beams subject to blast type loading. 
5.8 Bearing Ca.pacity 
In Table 11 are presented the maximum bearing pressures, f b , and 
the ratios of bearing pressure to concrete strength, fb/f~, for all the 
beams except Beam Dll. The ratios of fb/f~ ck? not ~xceed a value of o. 51. 
For bearing fa.1lures, Austin reported f;b/f' ratios ranging from 0.84 to 1.00. 
. c 
As wul:d be expected, none of the beams tested in ~s study falled in bearing. 
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VI. sm.t1ARY AND CONCLUSIONS 
6.1 S\.DlDlla.17 
The primary objectives of this particular phase' of the investigation 
were to obtain information which would supplement the data obtained in previous 
tests rela.ting to the flexural behavior of very deep beams, and to develop 
means for the prediction of this behavior. 
In this report are described tests of eight simply supported rec-
tangul.ar beams reinforced in tension only, two simply. supported recta:agular 
beams reinforced in tension and compression, and one rectangular beam reinforced 
in tension and compression and supported by large columns. Span-depth ratios 
I 
of the beams varied from 1.0 to 6.0, ste~l percentages ranged between 1.85 and 
0.246, concrete tes~ .. cylinder strengths ·ra.nged.';;between~lOO -pai and 5030 psi. 
The simply supported span length was 36, in.; the span length of the 
restrained beam vas Z7 in. All specimens had a thickness of 4.5 in. Bearing 
areas were 108 sq in., 81 sq in. or 54 sq in. 
All beams were loaded to fa.il.ure under uniform load applied in incre-
ments. Records of load, deflection, concrete strain, steel strain, ,and crack 
patterns were obtained at each increment of load • 
. Of the 11 beams tested, 4 failed in flexure by crushing of the con-
crete a.t the head of inclined cracks, 2 failed in flexure by rupture of one 
of the tension reinforcing bars, one fa.iled in pure. shear, one failed in shear-
compression and 3 failed in what has been termed in this report as splitting. 
Nearly all of the beams had vell dev.eloped vertical aIlO.incl1ned 
cracks at failure. For beams faj J 1 ng by spli tting, 8.ddi tional cracks, which 
were either vertical or inclined, formed above the supports at failure. The 
cracking patterns gave the -deeper beams the appearance of a tied arch or a 
tied arch with eccentrically loaded e-nd col'UlDIlS. This type of behavior was 
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a.l.so typified by the nearly uniform d1stri bution of the steel stra.ins along 
the tensiOD reinforcement at failure and the concentra.t~on of the concrete 
strain in the middle portion of the beams. The sbe..llower beams d1sp~ayed a 
behavior more typice.l of beams of normal dimensions failing in flexure. 
6.2 Concl.usions 
From the resul ts of the tests conducted in this series and from the 
a.ns.lysis of these test results and the results of some of the previous tests 
conducted by Austin and Winemiller, some general conclusions can be dre:wn. 
They are as follows. 
~ - The yield point strength and deflection were not affected by 
the addi tion of compression reinforcement. 
2 .. The presence of compression reinforcement seemed to increase 
s~1ghtly, the ul t1mate strength o~ deep beams failing in flexure. 
3 .. The duct1lity of the beams was increased with the addition of 
compression steel., and Va8 decreased with increased long! tudinal tension 
steel. 
4 - The moment at flexural yield can be predicted fairly accurately 
for a.ll the specimen tested, except Beam Dil, by the straight-line theory for 
an uncracked section. 
5 - The /moment at flexural capacity can be predicted quite accurately 
by the ultimate strength theory provided an increased value of the concrete 
crushing strain is used for the deeper beams. It was found that predicted 
moments based upon the assumption of a concrete crushing strain of 0.008 in./in. 
for the beams with Lid values of 3.0 or less and between 0.008 in./in. and 0.004 
in./u. for the beams with L/d values between 3.0 and 7.0 agreed very well with 
the test a>ments. The assumption of the higher strains for the deeper members 
is reasOnable as very high crushing strains were actua.:uy measured in some of 
the deeper members. 
--, 
. 1 
..... ...i 
6 - Two relationships have been presented with which one can make a 
reasonable estimate of the deflections at the yield point for the beams tested. 
These equations gave good agreement 'With the test results from this series of 
tests and for the previous C-Series beams, and poorer agreement was observed 
for the A and B-Series beams. 
7 - A formula for estimating the deflections of the beams at the 
ultimate load has been derived from the results of the beams tested. This 
formula was developed from a small group of beam tests; its general appli-
cability to deep beams has not been proved. 
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TABLE 1 PROPERTIES OF SPECIMENS 
b a 4.5 in. L = 36 in. 
Tension Reinforcement Co~ression Reinforcement 
Beam d d' L ft No. and p f No. and pI fl 
Mark in. in. d c Size y Size y psi ks1 ks1 
DJO 36 1.00 4090 2-#4 0.00246 48.00 
D11.* 24 34 .. 19 1.125 4610 2-#5 0.00574 44.19 2-#5 0.00574 44.19 
D12 30 1.ro 4300 2-#5 0.00459 44.90 
D15 24 1.50 3550 '2-#5 0.00575 45.16 
D20 18 2.00 3910 2-#5 0.00765 44.52 
D20-1 18 2.00 4340 '2-#5 0.01850 45.16 
2-#6 44.54 
Dro-2 18 16.,25 2.00 5030 2-#5 0.00765 45.16 2-#4 0.00495 !t8.50 
D30 1'2 3·00 2100 2-#5 0.011.50 44.52 
D30-1 12 10 •. 25: 3.00 398<> 2-#5 0.01150 44.52 2-#4 0.00740 48.50 
D40 9 4.00 2:,.50 2-#4 0.00988 48.50 
D60 6 6.00 3410 2-#3 0.00815 55.45 
* 
L == 27 in. clear between columns-
+="' 
\J1 
TABLE 2 PROPERTIES OF THE CONCRETE MIXES 
Beam Gravel: Cement: Sand W/c Ratio Slump Camp. Str. 
Mark by weight by weight tt .' C 
in. psi 
* 3.82 : 1 0.83 4090 D10 3·90 2 
** 3.61 : 1 0.78 2" 4610 Dll 3·12 
D12 3.79 : 1 3·92 0.80 1 3/4 - 4300 
D15· 3.83 : 1 3·90 0.82 3 3550 
D20 3.56 : 1 3·72 0.83 2 3910 
D20-1 3.60 : 1 3.68 0.82 2 4340 
D20-2 3.61 1 3.70 0.14 1 5030 
. D30 4.22 : 1 4.35 0.85 2 2700 
D30-1 3.80 : 1 3·90 0.84 2 1/2 3980 
n40 4.20 1 : 4.30 0.85 1 2730 
n60 4.25 : 1 4.32 0·34 3/4 3410 
* 
Average of tw batches. 
** Average of four batches. 
I 
t. 
lwbde 0 f Rupture 
L . 
psi. 
315 
410 
436 
383 
363 
411 
529 
250-
457 
266 
342 
.:: 
"-. 
[ 
Age at Test 
days 
II 
16 
13 
17 
11 
16 
2l 
24 
12 
23 
16 
.-1 L~~ 1. 
+:-
0\ 
TABLE 3 PROPERTIES OF THE REINFORCIm STEEL 
Tension Reinforcement C?IDPression Reinforcement 
Beam f € E f' I' €' 
Y Y 0 Y Y- o Mark kai in·iin. in./in. ksi in·7in. iIi·lln. 
D10 48.00 0.00165 0.0206 
46.80* 0.00149 0.0213 
45.90 ** 0.00157 0.0210 
Dil 44.19 0.00162 0.0149 44.19 0.00162 0.0149 
D12 44.90 0.00150 0.0145 
D15 45.16 0.00150 0.0136 
D20 44.52 0.00157 0.0148 
*** 0.0156 D20-1 45.16 0.00170 
. **** 44.54 0.00157 0.0142 
D20-2 45.16 0.00157 0.0136 48.50 0.00164 0.0169 
D30 44.52 0.00157 0.0148 
D30-1 44.52 0.00157 0.0148 48.50 0.00164 0.0169 
D40 48.50 0.00164 0.0169 
D60 55.45 0.00183 0.0165 
* Bar with deformations ground-off over a 2-in. length. 
** 
Bar with deformations ground-of'f' and with a =#54 bole drilled to 1/10 in. depth. 
*** #5 bars 
+="" 
-1 
**** #6 bars 
Beam. L 
M9.rk d 
(1) (2) 
D10 1.00 
Dll 1.125 
D12 1.20 
D15 1.50 
D20 2.00 
D20-1 2.00 
D20 .. 2 2.00 
D30 3,,00 
D30-1 3.00 
D40 4.00 
D60 6.00 
* 
#5 bars 
** #6 bars 
f' 
c 
psi 
(3) 
4090 
4610 
4300 
3550 
3910 
4340 
5030 
2700 
3980 
2130 
3410 
I' . 
I 
f y 
kai 
(4) 
48.00 
44.19 
44.90 
45.16 
44.52 
* 45.16** 
44.54 
45.16 
44.52 
44.52 
48.50 
55.45 
1"',<,,:; IT 
&; 
TABLE 4 SUMMARY OF TEST RESULTS 
P f' p' Yield Ult. Yield Ult. MJd.e 
·Y 
kai Load Load Den. Defi. of 
W W l::..y ~ Failure y u 
(5) (6) (7) ki1s (8 tilB (9 mo) ili) (12) 
0.00246 128 253 0.014 0.706 Flexure 
0.00514 44.19 0.00574 300 300 0.105 Shear 
, 
0.00459 159 264 0.023 0·310 Splitting (Shear) 
0.00515 138 215 0.030 0.591 'Splitting (Web 
Crushing) 
0.00765 96 153 0.033 0.865 Flexure 
0.0185 230 257 0.058 0.188 Splitting (Web 
Crushing) 
0.00765 48.50 0.00495 91 181 0.032 1.855 Flexure 
0.0115 59 63 0.072 0.085 Shear-Compression 
0.01l5 48.50 0.00140 61 90 0.052 1·291 Flexure 
0.00988 33 36 0.015 0.604 Flexure 
0.00815 13 16 0.068 0.692 Flexure 
!: 
TABLE 5 cRtfSlIIl'D AND ULTIMATE CO~RETE STRAINS 
Beam L f' P p' Observed Ultimate Observed Estimated 
d c Crushing Load Crushing Ultimate J.t>de psi Load Strain strain of 
kips W E in·/in. Failure u u 
kips in. lin. 
-~(1l (2} C~} { 4~ { 5} {6l tn (8) (g) .. .. _ (lQ) 
DIO 1.00 4090 0.00246 230 253 '0.0071 0.0094 Flexure 
Dil 1.125 4610 0.00514 0.00514 300 0.0011 Shear 
D12 1.20 4300 . 0.00459 264 Splitting 
D15 1.50 3550 0.00515 215 215 0.0095 0.0095 Splitting 
D2) 2.00 3910 0.00165 134 153 0.0065 FleXure 
D20-1 2.00 4340 0.01850 251 0.0041 Splitting 
D20-2 2.00 5030 0.00765 0.00495 138 187 0.0050 Flexure 
D30 3·00 2100 0.01150 63 63 0.0044 0.0044 Shear-
Compression 
D:;O-l :;.00 :;980 0.01150 0.00740 73 90 0.0071 Flexure 
n40 4.00 ZT30 0.00988 36 0.0083 Flexure 
D60 q.OO 3410 0.00815 16 0.0063 Flexure 
\5 
TABLE 6 COMPARISON OF MEAStJ1:tED AND COMPtJl'ED IDMENTS 
Beam L Test Theoretical M Test Theoret1caJ. d ~ }wi' Y Y MY M Mr u 
in. kip in. kip in. kip in. kip 
{1} {2} (3) ~ 4) (5) {6) (7) 
t>10 1.0 640 649 0.99 986 1003 
D12 1.20 795 768 1.04 1320 1274 
D15' 1.50 690' 621 1.ll 1080 964 
D20 2.00 480 447' 1.07 765 680 
DOO-l. 2.00 1150 1038 1.11 1280 1245 
D20-2 2.00 485 459 1.06 790 729 
D30 3·00 295 290 1.02 313 378 
D30-1 3·00 305 290 1.05 448 424 
Dqo 4.00 163 154 1.06 179 197 
D60 6.00 64 60 1.07 79 81 
j ; L 
~ 
M; 
(8) 
0.96 
1.04 
1.12 
1.12 
1.03 
1.08 
0.83 
1.06 
0·91 
0.98 
I ... _. 
M:>de 
of 
Failure 
(9) 
F 
Sp1. 
Bpl. 
F 
Bpl. 
F 
SC 
F 
F 
F 
V1 
o 
L 
Beam 
~l~ 
DlO 
D12 
D15 
D20 
, 
, 
D20-l 
DID-2 
D30 
D30-1 
D40 
D60 
TABLE 7 YIELD DEFLECTION COEFFICIENTS AT LOADS JUST BELOW THE YIELD LOADS 
L Load Measured Measured Theor. Measured ~d 6(k-k)d 
d 0 Kd {l-k)d 6 ,-- r = L W - 0 L 
kips s S B 
in. in. in. .in. 
(2~ (3) ( 4) (5) (6) (1) (8) (9) 
l.O 100 0.031 32.5 29.4 0.009 0.26 0.24 
1.2 140 0.039 28.4 22.8 0.018 0.36 0.29 
1.5 100 0.039 19.8 17.5 0.018 0.25 0.22 
2.0 80 0.038 13·2 12.6 o .0'C!7 0.26 0.25 
2.0 l.8O 0.040 12.8 10.4 0.039 0.35 0~28 
2.0 80 0.038 14.6 13.0 0.026 0.28 0.25 . 
3·0 50 0.044 7.9 7.5 0.061 0·30 0·29 
3·0 40 O.O~ 8.5 7·9 0.028 0.'Zl 0·23 
4.0 25 0.041 6.2 5.8 0.047 0.20 0.18 
6.0 12 0.040 4.3 4.1 0.064 0.19 0.18 
V1 
I-' 
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TABLE 8 COMPARISON OF IiOMINAL SEPARATION OF SUPPORTS AT NOMINAL 
YIELD LOAD TO THE THEORETICftL ELOmATION OF '!!ENS ION STEEL AT YIELD 
Beam Width of p Nom1na.l 
Brg. e € L 8 sy 
Plate sy y E: L 
Y 
in. in. in. 
(11 {2~ (21 ( 4} ( 5) (6) 
D10 12 0.00246 0.042 0.0565 0.14 
D12 12 0.00459 0.045 0.0565 0.80 
D15 9 0.00515 0.056 0.0600 0·93 
D20 9 0.00165 0.050 0.0565 0.88 
D20-1 12 0.01850 0.053 0.0565 0.94 
D20-2 9 0.00165 0.050 0.0565 0.88 
D30 6 0.01150 0.051 0.0565 0·90 
D30-1 6 0.01150 0.053 0.0565 0.94 
n40 6 0.00988 0.059 0.0590 1.00 
D60 6 0.08150 0.043 0.0660 0.67 
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TABLE 9 COMPARISON OF MEASURED AlID COMPUTED DEFLECTIONS AT YIELD 
Beam L Theoretical Theoretical Measured ~ ~ J. /r d Deflections Deflections Deflections ~I 
6' ~" ~ y y y y y 
in. in. in. 
(1) (2) (3) ( 4) ( 5) (6) (7) 
A-Series Tests 
A-2-2 1.64 0.040 0.048 0.070 1.75 1.46 
A-; 2.;2 0.068 . 0.062 0.090 1·32 1.45 
A-;-~ 2·32 0.055 0.050 0.072 1·31 1.44 
A-;-2 2.;2 0.053 0.051 0.064 1 .. 21 1.25 
A-;-4 2·32 0.056 0.056 0.080 ~.43 1.43 
A-;-5 2·32 0.068 0.059 0.095 1.40 1.61 
A-4 ;.60 0.086 0.041 0.070 0.81 1.49 
A-4-2 3.60 0.069 0.040 0.051 0.14 1.28 
A-4-3 3.60 0.077 0.051 0.072 0.94 1.26 
A-5 4.65 0.082 0.064 o.on 0.87 l.ll 
A-6 7.20 0.062 O.On 0.069 ~.ll 0·97 
B-Series Tests 
B-3-~ 2·32 0.053 0.050 0.062 ~.17 1.24 
B-3-2 2·32 0.053 0.051 0.078 1.47 1·53 
B-4-1. 3.60 0.068 0.040 0.067 0.98 1.68 
B-4-3 3.60 0.068 0.046 0.067 0.98 1.45 
TABLE 10 COMP ~ISON OF mASURED AND COMPUTED DEFLECTIONS AT YIELD 
..:;.;,. .. 
Beam L Theoretical. Theoretical. Meaaured 6 6 
d Deflections Deflections Deflections .J. ~ AY ~ ty 6' Y 
in. in. in. 
C-Series Tests 
C-1 3·00 0.063 0.058 0.060 0·95 0·97 
C-2 3·00 0.063 0.055 0.056 0.89 0.98 
C-3 3·00 0.063 0.039 0.048 0.76 1.13 
c-4 3.16 0.078 0.083 0.087 1.12 0·95 
C-5 3.16 0.080 0.078 0.091 1.14 0.86 
c-6 3.16 0.078 0.082 0.078 1.00 1.05 
C-7 3·32 0.078 0.086 0.084 1.08 1.02 
D-Series Tests -? 
Dl.O 1.00 0.018 0 .. 014 0.014' 0.78 1.00 .. 
... :-. 
D12 1.2) 0.023 0.022 0.023 1.00 0.96 
D15 1·50 0.029 0.030 0'.030 1.03 1.00 
D20 2.00 0.040 0.038 0.033 0.83 1.19 
DOO-l 2.00 0.049 0.067 0.058 1.18 1.15 
D20-2 2.00 0.039 0.038 0.032 0.83 1.19 
D30 3·00 0.068 0.053 0.072 1.06 0.74 
D30-1 3·00 0.064 0.055 0.052 0.81 1.06 
D40 4.00 0.074 0.060 0.075 1.01 0.80 
D60 6.00 0.067 0.067 0.068 1.01 0·99 
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TABLE 11 DEFLECTION COEFFICIElITS AT ULTIMATE LOAD 
7 - I:>. (l-k )d Beam. L Computed Theoretical Measured 
- u u 
d E: (l-k )d I:>. E L2 au . u u 
au 
in./in. in. in. 
D1.0 1.0 0.084 34.35 0.106 0.222 
D20 2.0 0.050 1.5.60 0.865 0.22> 
D20-2 2.0 0.1.07 1.6.1.0 . 1.855 0.214 
D30-1. 3·0 0.051. 1.0.10 1·297 0.21.8 
D1to 4.0 0.022 7.ro 0.604 0.152 
D60 6.0 0.026 5.06 0.692 0.1.02 
TABLE 12 COMPUTED DEFI..roTIONS N1 ULTIMATE: D-SERIES SPECIMElfS 
Beam Computed Computed ~asured I:>. 
E A' I:>. u su u u 1:>.' 
in. in. u 
in·./1n. 
(1) (2) (3) (4) (5) (6) 
D1.0 0.084 0.22) 0.696 0.706 1.01 
D12 0.036 0.220 0·373 0·310 .0.83 
D1.5 0.041 0.22) 0.549 0.597 1.09 
nro 0.050 0.220 0.913 0.865 0.95 
.D20-1 0.014 0.220 0.254 0.188 0.75 
D20-2 0.107 0.220 1.8go 1.855 0.98 
D30 0.016 0.22> 0.489 0.2>8 0.42 
D30-1 0.051 0.220 1.4lK) 1.'297 0·90 
D40 0.022 0.182 0.735 0.604 0.82 
1>60 0.026 0.106 0.706 0.692 0·98 
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TABLE 13 COMPUTED DEFLECTIOllS AT ULTIMATE: C -SERIES SPEC IMImS 
Beam Estimated Computed _ Measured 6 
6' '\t u E K' au u u 
in·/in. in. in. 
~1) (2) (3) ( 4) (5) (6) 
C1 0.0280 0.200 0.784 0.875 1.11 
C2 0.0420 0.22) 1.170 0.825 O:n. 
-- . 
C3 0.0600 0.200 1.660 0.823 0·50 
c4 0.0138 0.214 0.429 0.412 0.96 
C5 0.0170 0.214 0.52l 0.512 0.98 
...... 
c6 0.0270 0.214 0.842 0.7'28 0.86 . 
C7 0.0130 0.208 0.417 0·352 0.84 I 
TABLE 14 TlIEORETIC/lL DEFLECTIO)fS AT ULTIMATE: D-SERIES SPECIMENS 
Beam Theoretical TbeoreticaJ. Measured 6_ 
6' 6 u E 6' su u u 
u 
in./in. in. in. 
~1~ ~2} (3) ( 4) ( 5) (6) 
D10 0.084 0.22:> 0.696 0.706 1.01 
D2J 0.052 0.22) 0.949 0.865 0·91 
Dro-2 0.068 0.22:> 1.200 1.855 1.54 
D30-1 0.042 0.22:> 1.185 1·297 1.09 
D40 0.028 0.182 0.916 0.604 0.66 
D60 0.027 0.106 0.733 0.692 0.94 
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TABLE 15 DUCTILITY OF THE D-SERIES SPECIMENS 
Beam L Measured Measured Ductility 10 Mode 
d Deflections Deflections 6. It::. p-p' of 
at Yield at Ultimate u y Failure 
D- b. 
Y u 
in. in. 
{1} {2l ~21 (4l ~2l {6l {11 
Dld 1.00 0.014 0.106 50.4 40.5 Flexure 
D12 1.20 0.023 0.310 13·5 2l~8 Splitting 
D15 1·50 0.030 0·59'7 19.9 17.4 Splitting 
D20 2.00 0.033 0.865 26.2 13·1 Flexure 
D20-1 2.00 0.058 0.188 3·2 15·4 Splitting 
D20-2 2.00 0.032 1.855 58.0 31.0 Flexure 
·D30 3·00 0.072 0.085 1.2 8.1 Shear-
Compression 
D30-1 3.00 0.052 1.297 25.0 24.4 Flexure 
n40 4.00 0.075 0.604 8.1 10.1 Flexure 
ruJ 6.00 0.068 0.692 10.2 12·3 Flexure 
Beam 
D10 
Dll 
D12 
D15 
D2<l 
D£Q-l 
D20-2 
D30 
. D30-1 
D40 
D60 
f 
I. _ ...•.. 
TABLE 16 NOMINAL SHEARIR1 STRESSES AT ULTIMATE LOAD 
L 
d 
1.0 
1.125 
1.2 
1·5 
2.0 
2.0 
2.0 
3·0 
:;.0 
4.0 
6.0 
.. 
; 
Concrete 
. Strength 
f' 
c 
psi 
4090 
~10 
4:;00 
3500 
3910 
4340 
5030 
~oo 
3980 
rna 
. :;410 
f 
'--. -:. ... 
J.BrlmUm 
.. l'om1na.l 
Shear stress 
v 
u 
ksi 
0.624 
1..265 
0.794 
0.923 
0.886 
1·390 
1.070 
0.621 
0.879 
0.411 
0.:;06 
L .. __ .) r--
v 
u 
fT 
c 
0.153 
0·~5 
0~185 
0.260 
0.226 
0.:;00 
0.213 
. 0.230 
0.221 
0.172 
0.090 
L . 1 I. 
!tt:>de 
of 
Failure 
Flexure 
Shear 
splitting (~~) 
- .-
Sp11 tting ... 'W!.9 Crushing) 
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Beam Width of Bearing W Bearing f' f' 
Bearing Area u Pressure c b F Block fb c 
.\J 
in. sq. in. '. kips ksi ka1 
D10 12 108 25:; 2.34 4.09 0·57 
n12 12 108 264 2.44 4.:;0 0.57 
D15 9 81 215 2.66 :;.55 0.75 
D20 9 81 153 1.89 3·91 0.48 
D20-1 12 108 257 2.38 4.34 0.47 
D20-2 9 81 181 2.:;1 5·03 0.46 
D:;O 6 54 6:; 1.17 2.70 0.4:; 
D:;O-l 6 54 90 1.67 ,.98 0.42 
D40 6 54 :;6 0.67 2.73 0.25 
D60 6 54 16 0.,0 3.41 0.09 
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Appendix A: SUMMARY OF FORMULAE FOR DETERMINING THE STRENGTH OF REINFORCED 
CONCRETE BEAMS 
Yield Moment: For beams reinforced. in tension only the moment at 
yield by the conventional straight-line theory is given by the following equa-
tion for which the stress-strain relationship is shown in Fig. 63 (a). 
M = A f jd Y s Y 
where 
j 
J 2' k = 2pn + (pn) - pn 
where n for the purposes of this report was computed from 
n = 6 10,000 + fi 
c 
I 
which was found by So zen ( 5) to be satisfactory for the materials used in 
fabricating the specimens. 
For beams reinforced in both. tension and compression, the follow-
ing equations can be derived from the stress-strain relationship shown in 
Fig. 63 (b). 
M = O.5f k d2 b (1 - ·!.3) + d' A'(f t - E €') y c· s s cs 
k = 2 [np + (n-l)p' U-k')}[ (n-l)p' + np J -[(n-l)p' + np ] 
f k 
f Y 
c = n (l-k) 
[ 
kl 
f ' f s = y (l-k) 
d' k' = d 
6 10,000 n = + f' 
c 
125 
Ultimate M:>ment: The ultimate strength of a beam failing 'by crushing 
of the concrete after initial yielding at the tension reinforcement can be pre-
dicted through consideration of the distribution of stresses and strains as 
shown in Fig. 64. 
For beams reinforced in ~nsion',only, the following expression can be 
derived from the consideration of the stress-strain relationship shown in Fig. 
64 (a). 
where 
k2 
Mf , = A f d(l --s s - ~k3 
pf I 
s ) 
f't 
c 
~~ = 1.37 - 0.000 loB f~ 
is an empirical relation derived from tests(5), and k2 is usually assumed 
equal to 0.42. 
If the beam fails wi thin the yield range then 
f = f 
s y 
If the beam fails above, the yield range then 
f = --,......,.t;;;,. __ ~ 
s 
where £ is the limiting strain in the concrete at crushing, usually assumed 
u 
at 0.004 in./in. for ordinary beams. This expression can be solved graphically 
utilizing the stress-strain curve of the reinforcing bars. 
Fbr beamB reinforced 1n tension and compression, the following ex-
pression can be derived from the consideration of the stress-strain relation-
ship shown in Fig. 64 (b), providing the compression steel ratio 1s less ,than 
the tension steel ratio, and also if 1 t is assumed that the compression steel 
will be the, yield ra.:age at failure. 
126 
M = [A f - Atf*J d [1 - ..2 (Pfa - P1f*) ] + Atf*d' 
f s s s k k... f' s 
1 :; c 
In this expression f* is the net force acting on the compression reinforce-
ment area. If it is desired to correct for the concrete area displaced by 
the compression reinforcement,· the ACI Building Code recommends the follo'W-
ing expression, 
f*::I fl - 0.85fl y C 
However, in the major pertinent provison of the ACI Code this correction is 
neglected and f* is taken as equal to f~ since the correction affects the 
values of Mf and f s but very li tUe • 
range, then: 
When the tension steel at failure is in the yield range, then: 
f = f s y 
When the tension steel at failure is in the work hardening 
If conditions are such that the ,compression steel ratio and the 
compression steel stress do not satisfy the assumptions, these equations 
cannot be used. However, moments can be computed by a trial. and error 
method directly from the strain distributions knowing the stress-strain 
relationship of the steel. 
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